A system of ferromagnetic particles trapped at a liquid-liquid interface and subjected to a set of magnetic fields (magnetocapillary swimmers) is studied numerically using a hybrid method combining the pseudopotential lattice Boltzmann method and the discrete element method. After investigating the equilibrium properties of a single, two and three particles at the interface, we demonstrate a controlled motion of the swimmer formed by three particles. It shows a sharp dependence of the average center-of-mass speed on the frequency of the time-dependent external magnetic field. Inspired by experiments on magnetocapillary microswimmers, we interpret the resonance by the optimal frequency centered around the inverse viscous time of a spherical particle. It is also shown that the resonance frequency grows and the maximum average speed decreases with increasing inter-particle distances at moderate swimmer sizes. The findings of our lattice Boltzmann simulations are supported by bead-spring model calculations.
I. INTRODUCTION
Microswimmers are a paradigmatic example of active matter, and have come into focus in the last two decades with the development of non-equilibrium physics 1 . Typically, microswimmers are associated with motion at low Reynolds numbers, when self-propulsion dominates over stochastic diffusion, at least in the case of artificial devices. Actually, because self-propulsion requires breaking of the time-reversal symmetry in the stroke, the design of microswimmers often involves a compromise between engineering a device with the smallest possible degrees of freedom (at least two) and obtaining a time-irreversible stroke 2 . These difficulties are circumvented in a number of devices [3] [4] [5] , however, the devices based on interacting beads gained particular attention starting with the analysis of a linear arrangement of three spherical beads by Najafi and Golestanian 6 . In this design, the stroke involves a phase-shift between the contractions and elongations of the two arms connecting the central bead and the external ones, propelling the swimmer along the line 7 . This model was used to identify some of the fundamental properties of microswimming including the difference between pushers and pullers 8, 9 , interaction between two swimmers 10 , and of the swimmer with a wall 9, 11 .
An advantage of the bead-based design is its amenability to experimental investigations. For example, a linear swimmer was achieved employing three ferromagnetic beads placed on a surface of water, which due to the balancing of repulsive magnetic interactions between the induced dipole moments and the capillary attraction, adopt a metastable, linear a) Electronic mail: j.harting@fz-juelich.de configuration 12 . The oscillation of the arms is generated by oscillating magnetic fields, such that the overall force applied to the device remains zero on average 13 . This design is fundamentally different to the original theoretical counterpart in that the stroke is not imposed but emerges from the balance of forces on the bead, an effect that was concomitantly incorporated into the theoretical modelling and simulations 8, [14] [15] [16] [17] . A more stable configuration is a triangular arrangement of magnetic particles at the interface, a real experimental situation of which is demonstrated in Fig. 1 18 . The particles form an equilateral triangle at an air-water interface. The size of the triangular arrangement is controlled by an external vertical static magnetic field, while the swimmer is driven by a timedependent magnetic field aligned in the plane of the swimmer.
Numerous efforts involving bead-based devices focused on triangular arrangements that allow for the rotation of the swimmer 19 , and a richer interaction with external flows 20 . The first models were concerned with modelling the swimming stroke of Chlamydomonas reinhardtii [21] [22] [23] [24] . Alternative propulsion mechanisms included modelling a stroke in which the angle between the extendable arms is fixed 25 , and a stroke in which both arm lengths and the enclosed angle vary 26 . Further efforts involve a design imposing motion of three beads on a circle 27 or rotating beads 28 . In the context of force-based description, internal driving was recently considered based on internal forces acting along the lines connecting the beads arranged in a triangular geometry 19 .
Although numerous theoretical studies are known for swimmers in the form of linear 8, 11, 14, [29] [30] [31] or equilateral arrangements 32 , we are not aware of any simulations that include a rigorous description of the corresponding hydrodynamic flows, the time dependent deformation of the interface and thus the related capillary effects. It turns out to be rather challenging to analytically take the partial immersion of the swimmer particles in the liquid, particle rotations, interparticle forces and their surface effects into account 32 . In the present study we aim at bridging this gap by employing the lattice Boltzmann (LB) method for the dynamics of the fluids coupled to a discrete element method for the particle dynamics. We perform extensive numerical simulations of triangular magnetocapillary swimmers consisting of three ferromagnetic beads. Our LB-simulations contain the full translational and rotational dynamics of the particles, the dynamics of the fluid flow and can provide insight into the fluid-particle interaction. Combining our simulations with a force driven bead spring model of a triangular swimmer, we explore the relation between propulsion velocity and the frequency of driving and find a resonant behaviour which can be associated with a mechanical resonance of an overdamped, driven harmonic oscillator.
The remainder of this article is organized as follows: in the following section we present the numerical method which is followed by a systematic investigation of the equilibrium particle configuration in the presence of capillary and magnetic interactions. Then, we demonstrate our results of the dynamic behaviour of the triangular magnetocapillary swimmer. Subsequently, we analyze our simulation results with the help of a semianalytical model and summarize our findings.
II. SIMULATION METHOD AND SETUP
For the simulation of the fluids we use a lattice Boltzmann (LB) method 33 . The LB method allows a straightforward implementation of complex boundary conditions and due to the locality of the algorithm it is well suited for the implementation on parallel supercomputers. It is based on a discretized version of the Boltzmann equation
which describes the time evolution of a single-particle distribution function f c i (x,t) at time t and position x. c i denotes the discrete velocity vector in the ith direction for fluid component c = {1, 2}. Here, we use a so-called D3Q19 lattice with i = 1, . . . , 19 34 . The left hand side of Eq. (1) describes the free streaming of fluid particles, while their collisions are modelled by a Bhatnagar-Gross-Krook (BGK) collision operator on the right hand side as 35
Here, f eq i (ρ c (x,t), u c (x,t)) is a third-order equilibrium distribution function, and macroscopic densities and veloci- ties are given by ρ c (x,t) = ρ 0 ∑ i f c i (x,t) and u c (x,t) = ∑ i f c i (x,t)c i /ρ c (x,t), respectively (ρ 0 is a reference density). τ c is the relaxation rate of component c, which determines the relaxation of f c i (x,t) towards the equilibrium. We employ a three-dimensional lattice with the cell size ∆x in space and the time t is discretized with ∆t-steps. The speed of sound c s = 1/ √ 3∆x/∆t depends on the choice of the lattice geometry and allows one to obtain the kinematic ν c = c 2 s ∆t(τ c /∆t − 1/2) or the dynamic η c = ν c ρ c fluid viscosities. For simplicity, we set ∆x = ∆t = ρ 0 = τ c = 1 in the remainder of this paper.
Capillary interactions can be modeled when more than one fluid species is present. In this case a mean-field interaction force between several fluid components is calculated according to the pseudopotential method of Shan and Chen as 36, 37 
Here, c and c refer to different fluid components, x denotes the nearest neighbours of the lattice site x and g cc describes a coupling constant determining the surface tension. ψ c (x,t) has the functional form ψ c (x,t) ≡ ψ c (ρ c (x,t)) = 1 − e −ρ c (x,t) . The force (3) is applied to the fluid component c by adding a shift ∆u c (x,t) = τ c F c C (x,t)/ρ c (x,t) to the velocity u c (x,t) in the equilibrium distribution. The method is a diffuse interface method, with an interface width of typically 5 lattice sites depending weakly on the coupling strength 38, 39 .
In the binary fluid system we refer to the fluids as "red" (r) and "blue" (b) 40 .
Rigid particles are simulated by solving Newton's equations of motion for translational and rotational degrees of freedom by means of a leap-frog algorithm. The particles are dis-cretized on the lattice and are coupled to both fluid species by means of a modified bounce-back boundary condition for multiple fluid components [40] [41] [42] [43] . When two particles approach each other very closely so that no lattice node is available between their surfaces to describe the hydrodynamic forces, a lubrication correction is applied 42 .
The ferromagnetic particles are considered as rigid spheres with fixed orientation of the magnetic moment with respect to the particle. When applying a static magnetic field B y along the positive y-direction (Fig. 2) , repulsive dipolar forces are induced. The magnetic repulsion is balanced by an attractive capillary force which is due to the interface deformation caused by the gravity-induced immersion of the particles. This leads to a stable arrangement of the beads after a certain relaxation time. In analogy with the experiments on magnetocapillary swimmers 18, 44 we choose the amplitude of the time-dependent magnetic field to be approximately three times lower than that of the static field to treat it as a modulation. The field B(t) = B 0x cos ωte x drives the system out of the local equilibrium leading to a directed collective motion of the beads.
In our implementation we assume a homogeneous external magnetic field B and prescribe a magnetic moment µ i = χV B/µ 0 to each particle i, where χ is the particle susceptibility, V is its volume and µ 0 = 4π × 10 −7 (in lattice units) corresponds to the magnetic permeability of vacuum. The emergent magnetic dipole-dipole interaction between a pair of particles is then
Here, r i j ≡ r i j ≡ r i − r j is the distance between the centres of two spheres i, j located at r i and r j , respectively, and e i j = (r i − r j )/ r i − r j . The magnetic field generated by the magnetic moment µ j at the location of another particle i is
The resulting magnetic force acting on the ith particle is then
), or more explicitly
Similarly, the magnetic torque acting on the particle i is
The total force and the total torque for each particle include a summation of expressions (6) and (7) over index j. We note that the homogeneous external magnetic field B does not produce a net force on the particles and serves exclusively to change the direction of the particle magnetic moment. The magnetic forces and the torques given by Eqs. (6) and (7) are chosen such that they balance capillary forces in the equilibrium. The method with implemented magnetic interactions has already been benchmarked and successfully applied for simulations of magnetocapillary phenomena [45] [46] [47] .
We consider a simulation box consisting of 128 3 cubic cells containing two equally-sized fluid lamellae (Fig. 2) . Walls with mid-grid bounce back boundary conditions are placed parallel to the interface at y = 0 and y = 128, whereas for the boundaries in all other directions we assume periodicity. All particles have equal radii R = 5 which assures that they are small on the scale of the simulation box, but sufficiently large with respect to the interface thickness [45] [46] [47] . The beads are initially placed near the interface between the red and blue fluids with densities ρ r = ρ b = 0.7, deforming thus the interface of the fluids due to the presence of a body force mimicking gravity acting on the particles. This leads to attractive capillary forces between the beads. The fluid-fluid coupling constant is chosen g cc = 0.1 giving rise to the numerical surface tension γ ≈ 0.04 (see Ref. 38 ). In all simulations presented here, the two fluids are considered identical, i.e. with equal viscosity and density. Due to the limitations of the pseudopotential lattice Boltzmann method, we are not able to reach realistic ratios to mimic the air and water phases of the experiment. We expect this limitation to have an impact on the effective fluid drag on the particles leading to quantitative differences in the swimmer propulsion as compared to the experiment.
III. EQUILIBRIUM POSITION OF MAGNETIC PARTICLES AT A FLUID-FLUID INTERFACE
A. Vertical equilibrium for a single particle
Prior to the simulation of multiple particles, we focus first on the equilibrium properties of a single particle at the interface. In the case of a single bead the homogeneous magnetic field exerts no magnetic force. The particle reaches its equilibrium and floats when the gravitational force F g is balanced by the sum of the surface tension force F st (or its vertical projection) and the force related to the hydrostatic pressure F hp (Fig. 3a) , i.e. F 
where g denotes the gravitational constant and ρ p , ρ fl1 , ρ fl2 are the densities of the particle and the fluids 1 and 2, respectively. The contact angle θ c , which is fixed in the present simulations (θ c = π/2), is the angle between the tangent to the fluid interface and the perpendicular from the particle center of mass, both in the contact point. ϕ c is defined as the angle between the vertical line and the line from the center of mass to the contact point. Finally, the angle ψ is the difference ψ = θ c − ϕ c . h c is the immersion depth of the particle and h cl is the height of the perturbed liquid relative to the contact line (Fig. 3a) . Based on Eq. (8) it is straightforward to introduce a dimensionless quantity, the Bond number, which relates the downward-and upward forces
where it is assumed that the interface is flat (h cl → 0) and the particle is almost completely immersed in the fluid (ϕ c ≈ 0). Given the parameters of the experimental situation from Refs. 18, 44 , i.e. particles with a radius of R exp = 0.25 · 10 −3 m, a density of ρ p = 7.8 · 10 3 kg/m 3 (ρ g ≈ 0) and the surface tension of water γ = 73 mN/m, we obtain for the experimental Bond numbers Bo exp ≈ 0.06. In the present LB-simulations for equal densities of the red and blue fluids ρ fl1 = ρ fl2 = 0.7 one obtains Bo LB = (ρ p − ρ fl2 )gR 2 /γ. The dependence of h c (Bo) is shown in Fig. 3b . It is linear up to the point where the particle detaches from the interface. The LB-simulations are compared with the solution of the equation for the angle ϕ c obtained from Eq. (8) for h cl ≈ 0 as
where
(ρ p −ρ fl2 ) (note that at the interface ρ fl1 − ρ fl2 = 0.04ρ 0 ) and a solution of the form h c ≈ 2R cos ϕ c is found. As inferred from Fig. 3b the LB-simulations are in good agreement with the solution (10) .
In the general case the Bond number for the detachment of the particle from the interface is given by Bo crit ≈ 3/2 sin 2 (θ c /2)| θ c =π/2 ≈ 0.75 50 . Corrected by the factor due to the presence of the other fluid, the critical Bond number in the simulations is in line with the analytical prediction Bo LB crit ≈ 0.21. When two ferromagnetic particles are placed at the fluid/fluid interface at zero magnetic field, they experience a capillary attraction due to the deformation of the interface. For a pair of small particles the capillary potential reads
where r is the distance between the centers of the particles, K 0 (x) is the modified Bessel function of the second kind, l c = γ (ρ fl1 −ρ fl2 )g is the capillary length and 49 . Since the capillary length is dependent on the Bond number, i.e. l c = R
Bo LB , we estimate the minimal capillary length for a high Bo LB = 0.16 in the simulations as
In contrast, for a low value of Bo LB = 0.016 we obtain for l c 2R ≈ 22.
In the situation when the inter-particle distance r is much shorter than the capillary length r l c , the capillary potential can be well approximated by U cap ≈ C cap ln (r/l c ).
For reaching an equilibrium a uniform static magnetic field aligned perpendicularly to the interface is required, since it turns the dipole-dipole interaction to the repulsive one (Eq. (4), U 12 (↑↑) = µ 0 µ i µ j /(4πr 3 i j )). The total potential thus has the form
where the term (r − a) accounts for the finite size of the beads, a = 2R is the minimal distance between the centres of the beads and C mag = µ 0 µ i µ j /(4π). Potential (11) is schematically illustrated in Fig. 4 and clarifies the role of the first and second derivatives. After minimization of Eq. (11) one obtains for the equilibrium inter-particle distance
where we note that the ratio 3µ 0 µ 2 S 4πR 4 /(2πγR) is the ratio of magnetic to capillary forces at equilibrium and should be equal to one. The equilibrium position for inter-particle distances well below the capillary length thus scales as
When r approaches the capillary length (r ≈ l c ), the logarithmic approximation for the Bessel function no longer holds. A function which approximates the Bessel function in this range very well is π/2e −r/l c / r/l c . However, an analytical handling of such a function is complex. An alternative approach is to use an empirical expression U cap ≈ −0.45
which fits numerically the Bessel function in this range well and allows to write the total potential as
Minimization of expression (14) under similar assumptions as of Eq. (12) yields for the equilibrium L 12
Fig. 5 demonstrates three regimes of the equilibrium L 12 -dependence on the strength of the static magnetic field or the reduced magnetic moment m y = µ y /µ S , where µ S is the saturated magnetic moment. The three areas correspond to experimental observations shown in Fig. 3 of Ref. 51 . Below m y ≈ 0.05 the equilibrium inter-particle distance becomes "locked". This phenomenon is due to capillary bridges 52, 53 , where a small amount of liquid causes sticking of particles together because of the minimized liquid interface. In the range 0.05 < m y < 0.2 we observe different growth dependencies for low and high Bond numbers, since the particles are already Inter-particle distance
Dependence of the equilibrium inter-particle distance L i j on the values of the induced magnetic moment for three particles and the fixed Bond number Bo LB = 0.16.
At last we investigate the case of three particles. All three particles are placed onto the interface simultaneously and a vertical static magnetic field (no time-dependent field so far) is applied from the very beginning. The initial inter-particle distance is set to An analytical treatment of the problem is more involved, since it requires taking into account the asymmetry of the capillary potential and the finite size of all three particles. Nevertheless, one can clearly observe the "locked" range until m y ≈ 0.05 and the range of the linear growth for L i j . As in the case of two particles in Fig. 5 , the present simulations fully recover the measurements demonstrated in Fig. 6 or Ref. 51 Noteworthy is also the fact that the values of the magnetic moment for which the transition from the "locked" to the linear regimes takes place, remain quantitatively unchanged for two and three beads at high Bo = 0.16 (cf. Figs. 5 and 6 ). The latter we explain as a compensation of the amount to which the capillary interactions grow by the increased repulsive magnetic interaction all due to the presence of the third particle. Coordinates Time x10 6 [Δt] 
A. Directed motion
So far, only static configurations formed by one, two or three beads were considered. Now we intend to investigate the dynamical behaviour of the three-particle ensemble that performs directed motion powered by an external time-dependent magnetic field. The ensemble is termed a magnetocapillary swimmer.
The simplest stable system which can break the symmetry required by the scallop theorem is a three-beads swimmer having a triangular shape (Fig. 2) 3 . It takes approximately 30000 time steps for the x-coordinate of all beads to reach the stable configuration (cf. onset of the trajectories in Fig. 7 ). Only after this initial relaxation the oscillating time-dependent inplane magnetic field B(t) = B 0x cos ωte x is applied. For the amplitudes |B(t)|/|B| ≈ 0.36 we choose a ratio which is close to the one used in the experiments 18, 44 . In order to stay well below the critical Bond number and to still assure a significant interface deformation we keep Bo = 0.16.
For characterization of the swimmer motion we introduce an average velocity of the center of mass with respect to the non-moving box defined by
where n counts the number of the periods of the oscillating field and r i stands for the coordinates of the beads' centers. Fig. 7 demonstrates the motion of the swimmer in the case where the direction of the oscillating field B(t) is fixed along the X-axis with the fixed given frequency. In this configuration the swimmer propagates itself with minor deviations of all beads from their equilibrium positions and shows a linear motion along the z-axis. Careful analysis of all coordinate components reveals that not only do the Z-coordinates demonstrate visible oscillations, but also the Y -components, i.e. the vertical coordinates, oscillate with amplitudes close to 0.08R. The fact that the Z-coordinates of the first and the second particle oscillate stronger than the Z-coordinate of the third particle points additionally to the direction of the pumping magnetic field. Fig. 7 does not answer the question if the particles roll or rotate during the stroke cycle. This issue is clarified in Fig. 8 , where the propagation of the orientation vector (director) n i for each bead is demonstrated. As expected, the particles do not spin until the external oscillating magnetic field starts driving them (after t = 30000), while upon switching the B(t)-field on, all three particles start oscillating. Although the amplitude of the oscillating field is of the order of one third of the static field amplitude |B(t)|/|B| ≈ 0.36, the magnetic forces and torques acting on the beads scale as |F magn | ∼ |B 2 |, resulting therefore in |F magn (t)|/|F magn | ≈ 0.13. This explains why the change in the rotational orientation of all the beads is so weak (n y > n x , n z ).
We should point to one significant difference in the propagation mechanism of the swimmer in the experiments 12, 13, 18, 44, 51 and the implementation presented above. While in the experiments a set of several magnetic fields is applied, leading to a strong rotation of the particles in the plane of the interface, the magnetic forces and the torques implemented using Eqs. (6) and (7), respectively, are not supposed to result in any in-plane rotations of the particles and should rather demonstrate small out-of plane oscillations of the beads (Fig. 8) . For this reason we expect different speeds of propulsion within the present simulations and the experiments.
B. Frequency dependence of the swimmer motion
Not all frequencies of the time-dependent field lead to motion of the swimmer. If we fix the directions of both the external static and the time-dependent field (cf. Fig. 2) , and vary the frequency of the latter, we obtain a pronounced resonancelike dependence of the average speed v z on the driving frequency 1/T (Fig. 9a) . Estimates of the resonant frequency 1/T res at sharp resonances yield values of the order of the inverse viscous time defined by
where ρ p is the density of the particles and η is the dynamic viscosity 51 . As it is clear from Eq. (17), the viscous relaxation time changes either upon variation of the bead radius or the fluid viscosity, hence the properties of the fluid. As inferred from Fig. 9a , at small L i j (≈ 2.3 × 2R) the swimmer moves efficiently for a wide range of frequencies. The main peak centered around the values of the viscous time τ LB v becomes broadened which is caused by the relative proximity of the particles, where the approximation of particles as points does not hold. Obviously, the capillary potential has a much more complex structure than described by Eqs. (11) and (14) . The motion at low frequencies is dominated by the sizable deformations of the interface. Moreover, Fig. 9a reveals that the average maximum speeds are reached for moderate L i j (≈ 3.2 × 2R) and that they are of the order of ≈ 0.001 · 2R per period of the oscillating field. Note also, that we evidence a change in the swimming direction from the one along the Z-axis to the one in the opposite direction when increasing L i j (cf. Fig. 9b, c, d) .
It turns out that L i j which is controlled by an external static field visibly influences the resonance frequency: the higher L i j becomes, the stronger grows the resonant frequency (Fig.  9e) . At the same time, the average speed of swimming increases for L i j < 3 × 2R and strongly decays upon an increase of the resonance frequency for L i j > 3 × 2R. Here we stress that the error bars in Fig. 9e , at low L i j are uncertainties of the exact positions of the resonances resulting from the broadened peaks. Simulations performed for L i j lower than 2 × 2R typically result in one or even all the beads sinking, since the changing particle orientation strongly perturbs the highly curved interface which can lead to a detachment of the particle. In contrast, at high L i j > 4 × 2R, the swimmer speed is so low that no visible motion is observed.
It is noteworthy that the sharp speed dependence on the frequency (Fig. 9a) indicates a very important property for applications: swimmers with different inter-particle distances (L i j ) might be controlled independently by application of AC-fields with distinct frequencies.
C. Analysis of the LB-simulations
Wishing to provide a qualitative theoretical verification for the maximum speed as well as the resonance frequency as functions of the swimmer size (Fig. 9e) , we employ a simplified theoretical model. We first compare our results to the calculation of Rizvi et al. 19 , which provides the swimming velocity of an equilateral triangular bead-spring device as a function of the bead size R and the inter-particle length L. For the maximum swimming velocity, this perturbative approach, which relies on prescribing the driving forces and calculating the swimming velocity to the leading order in R/L, predicts the dependency of ∼ L −2 . This result seems to be insensitive to the geometry of the swimmer and the details of the driving protocol, since it was also found for the linear swimmer, using the same methodology 8, 14, 16 .
At the same level of theory, the resonant frequency turns out to be independent of the swimmer size 8, 16, 19 , despite the fact that our simulations suggest a more complex behaviour (Fig. 9e) . Interestingly, when all orders in R/L are taken into account, for a linear swimmer 14 , an increase of the resonant frequency ω res with the inter-particle distance L
has been reported. Here C 1 , C 2 , and C 3 are functions of system parameters 14 . To check if such a behaviour is expected in a triangular geometry, we numerically calculate the swimming velocity of an externally driven, triangular bead-spring device, by this avoiding the truncation of the perturbation series in the orders of R/L. We assume three beads of equal radii R pairwise connected by harmonic springs of spring constant k and equilibrium length L (Fig. 10) , such that the potential energy of a spring connecting two beads at positions r i and r j reads
In addition to the spring constant k, external forces denoted by F i (t) act on each bead i, satisfying the condition that (a) the sum over all forces F tot (t) = ∑ forces on the other two beads are set by the constraints (a) and (b). Notably, this protocol allows only for pure translations of the swimmer's center of mass in the steady state.
In the regime of the bead radius R L, the hydrodynamic interaction between the beads is given by the Oseen tensor 54
and the equation of motion for each bead is governed by the Stokes law, such that the system is described by the set of equations of motion describing the the time evolution of the position r i of each bead
where ν j = 1 6πηR and G is the spring force G(r) := −∇φ (r). The first (mobility) term of Eq. (21) describes the motion due to external and spring forces directly acting on the beads, while the second accounts for the hydrodynamic interactions between the beads.
The swimming velocity emerges from inserting the solution of Eq. (21) into Eq. (16). With the above-prescribed driving, the swimmer's motion is found always to be associated with a translation in the Z-direction without a net rotation. Furthermore, using dimensional analysis, one can show that the emergent solution depends only on R/L, A/(kR), and ωτ F v . Here τ F v is the characteristic time scale of relaxation of the swimmer spring 16
In the absence of inertia, τ F v sets the internal time of the swimmer.
As expected from LB-simulations, the swimming velocity displays a resonant-like behaviour as a function of the driving frequency (Fig. 11a) . Despite the lack of truncation, the model recovers the ∼ L −2 dependence of the maximum speed (Fig. 11b) , predicted by first order perturbative approaches 8, 14, 16, 19 . On the other hand, the behaviour of the resonant frequency is found to increase with increasing distance between the beads. Applying Eq. (18) to the calculations shows an excellent agreement. However, it should be noted that the constants C 1 ,C 2 ,C 3 are here treated as fitting parameters, since in the triangular geometry, their dependence on system's parameters is expected to differ from the ones that can be derived for the linear swimmer 14 .
In comparison with the LB-simulations, this simple modeling is capable of reproducing several central results of LBsimulations: 1) The swimmer propagates perpendicularly to the excitation (Figs. 9b-d, and 9e) ; 2) The average speed of swimming decreases with increasing inter-particle distance in L > 3 × 2R, which is in agreement with the far-field description of hydrodynamics in the model. For small L i j , the LB simulations behave differently due to short-range capillary interactions between the spheres which cannot be de- scribed by the bead-spring model.
3) The main resonance is centered around the characteristic time of the swimmer; 4) The resonance is sensitive to the inter-particle distance; 5)
The resonance frequency grows with increasing L. As for the behaviour of the average speed of swimming, the LBsimulations are expected to behave differently for small L.
V. SUMMARY
In this study we performed extensive lattice Boltzmann simulations of magnetocapillary swimmers consisting of three ferromagnetic beads trapped at a fluid/fluid interface. The simulations are inspired by the experiments reported in Refs. 18, 44, 51 , where ferromagnetic beads placed at the water/air interface were driven by magnetic fields and reached propulsion speeds of hundreds of µm/s.
To match the corresponding regimes for the capillary potentials of the experiments we studied equilibrium properties of a single (Fig. 3), two (Fig. 5 ) and three particles (Fig. 6) at the interface. The resulting dependence of the center-tocenter distance for two and three particles on the strength of the magnetic moment unveiled three main regimes that are in agreement with the experimental observations (Figs. 3 and 6 of Ref. 51 ).
Adding a smaller oscillating magnetic field drives the system out of the local equilibrium and results in a directed motion of the three-bead swimmer (Fig. 7) . By fixing the direction of the oscillating field we demonstrated (Fig. 9a) that the average speed of the swimmer resonantly depends on the frequency of the B(t)-field and reaches its maximum at approximately 0.001 2R/τ LB v for frequencies in the vicinity of the inverse viscous time defined by Eq. (17) . In the experiments (Refs. 18, 44, 51 ) the magnetocapillary swimmers propel themselves faster, reaching speeds of [0.01 − 0.5] 2R per period 18 . We explain this difference by distinct propulsion mechanisms. While in the experiments the swimmer deformations are large and the particles perform sizable rotations in the plane of the interface, the LB-swimmer shows no in-plane particle rotations ( Fig. 8 ) and propels itself mostly via changing the interparticle distance between the beads 1 and 2 (Fig. 2) .
The LB-simulations performed here also point out to the importance of simultaneous optimization of the swimmer's geometry and driving. Specifically, our systematic analysis of the dependence of the swimmer velocity shows a resonant behaviour as a function of the frequency of driving, which is also sensitive to the geometry of the design. In LB-simulations, this can be associated with the interplay of inertial and hydrodynamic effects. However, the simplified numerical model presented in Sec. IVc shows that hydrodynamic contributions emerge as a result of the fine interplay between geometry, driving, elasticity and viscosity, all contributing to oscillation amplitudes of the beads and phase shifts between them. Interestingly, in this case, a simple far field approximation is not able to provide the expected dependence of the resonant frequency on the swimmer size, and higher order terms are necessary to reproduce the effects observed in LB-simulations. This naturally points to an interesting problem on the interplay between mechanical and hydrodynamic resonances in a more general setting, which we will address in a future work. In the context of the current work, however, besides identifying these interesting phenomena, we clearly establish lattice Boltzmann simulations as a technique for studying microswimming on liquid interfaces, which hitherto was not possible.
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